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Numerical Simulation of Near Wakes Ultilizing
a Relaxation Turbulence Model

J. D. Waskiewicz,* J. S. Shang,t and W. L. Hankey}
Air Force Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio

Numerical solutions of the Navier-Stokes equations are presented for the turbulent supersonic near wake of a
two-dimensional wedge/flat-plate model. The turbulent closure is provided by a relaxation eddy viscosity model
having its origin in mixing length theory, the velocity defect law, and the classic description of the wake. In the
present analysis, further study was made of a composite eddy viscosity model which includes the boundary-layer
and wake regions. Although the near-wake region is characterized by strong turbulent inviscid-viscous in-
teraction, results indicate that this complex wake flow can be numerically simulated using a simple relaxation

eddy viscosity model.

Nomenclature

=constant volume specific heat

=specific energy

=vector fluxes in mean flow direction

=base height of wedge/flat-plate model

=thermal conductivity

=reference length

=freestream Mach number

=static pressure

= pitot pressure

=freestream stagnation pressure

I =freestream Reynolds number based on reference

length

=time

=static temperature

=velocity components in Cartesian coordinates

=vector of conserved properties in mean flow

equations

=maximum velocity in shock layer

= Cartesian coordinates

=boundary-layer thickness

=eddy viscosity coefficient I

=wave direction, {=y— tan(sin -/ — +tan ! —
M, u

=normalized coordinate measured normal to x axis

=stretching parameter for grid generation

=molecular viscosity coefficient

=kinematic viscosity, u/p

=density

=shear stress
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Subscripts

i =initial value

TE =trailing-edge value
w =wall value

oo =freestream value

Introduction

OMPUTATIONAL fluid mechanics has progressed to
the stage that both the steady and unsteady transonic
flows about an airfoil can be systematically evaluated by
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numerical procedures. ! However, a common deficiency for
most of the calculations is that the numerical results’
frequently exhibit a significant deviation from experimental
measurements!? in the vicinity of the trailing edge. This
flowfield is characterized by a strong shock wave/boundary-
layer interaction with relatively extensive regions of separated
flow. The turbulence model used in the numerical effort was
identified as ‘one of the major contributors of the
discrepancy.! Under certain conditions, periodic motions
were also observed. The large-scale, quasiperiodic motion
often associated with wakes was also detected in the
numerical results for incompressible viscous flows over
airfoils. 4% This type of fluid motion is caused by periodic
shedding of vortices. More recently, the large eddy motion of
the organized structure in a wake has been recognized.® The
present analysis utilizes the Navier-Stokes equations in mass-
average variables in an attempt to resolve only the mean
characteristics of the steady, supersonic near-wake problem.
Even though the present effort concentrates on a specific
near-wake problem, numerical solutions can provide valuable
insights toward the understanding of the physical processes
essential to obtaining a complete description of this
phenomenon.

For the purpose of fluid mechanical analysis, wakes may be
separated into near-wake, far-wake, and asymptotic-wake
regions.” The near wake is intimately related to the trailing-
edge problem. This problem was analyzed by Goldstein®
within the framework of boundary-layer theory and more
recently by Jobe and Burggraf® using an asymptotic ex-
pansion scheme based upon the well-known, triple-deck
structure 101! jn which the discontinuity in transverse velocity
has been smoothed. Nevertheless, a finer substructure is
required to resolve the discontinuous pressure gradients.® In
the compressible regime, the fluid mechanical phenomena are
further complicated by shock wave interactions with the free
shear layer. 1! For a wake generated by a body with finite
transverse dimension, two induced shock wave systems that
have been identified are the lip shock,'# originating at the
shoulder due to the rapid overexpansion, and the sequential
trailing shock due to the “‘neck’’ region.!%!? Both shock
waves are a direct result of strong viscous-inviscid in-
teractions. Because of these interactions, it becomes necessary
to use the Navier-Stokes equations to investigate the near-
wake problem.

A series of efforts'>!3 has been carried out by Lees and his
co-workers in the study of laminar or turbulent wakes
through the use of multimoment integral equations. The use
of several simplifying approximations has prevented the near-
wake problem from being completely resolved.” Numerical
solutions by means of the Navier-Stokes equations have also
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been obtained by Roache and Mueller, !* Allen and Cheng, 16
and Ross and Cheng. !’ In general, the documented results are
limited to relatively low Reynolds numbers or an artificial
restriction in the viscosity coefficient. 6 The present analysis
attempts to investigate the near-wake problem for either
laminar or turbulent flows by means of the compressible
Navier-Stokes equations. The main emphasis is to delineate
the near-wake structure in conjunction with a mixing length
turbulence model. The abrupt change in the eddy viscosity
coefficient from the boundary layer to the wake is ap-
proximated using the concept of a relaxation eddy viscosity
model '® to represent the vastly different length scales in the
problem.

In order to test the validity of the numerical procedure, the
supersonic near wake of a two-dimensional wedge/flat plate
was simulated at a Mach number of 2.25 and Reynolds
number of 1.5 x 10¢ at the trailing edge. Freestream pressure
and temperature were 0.2337 atm and 136 K, respectively.
Comparisons with experiment include total and static pressure
distributions as well as details of the overall flow structure. 1°
In particular, the base pressure, recirculation region, and lip
and neck shock waves are identified. '

Governing Equations

The governing equations of the present analysis are the
unsteady compressible Navier-Stokes equations in terms of
mass-averaged variables. The adoption of the eddy viscosity
coefficient and the turbulent Prandtl number reduces the
conservation equations to a form nearly identical for laminar
flows. The conservation equation can be written in vector
form as follows:

oU OoF 9
E+E\r+5_o (1)

The vector components are
p
U= pu
pv

pe

ou
pu?—a,
F=|puv—r,,
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(pe—ax)u—rxyv—k—
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where the apparent stress components are given by

ou v dou
o, =—p—%(u+e) (5; + 5;) +2(p+e) P
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The mean specific total energy is defined as
e=C, T+ (u?+v2)/2 V)

Auxiliary relationships needed to complete the system of
equations are the equation of state, perfect gas assumption,
and Sutherland’s viscosity law. Specification of the eddy
viscosity model, molecular Prandtl number (0.72), and
turbulent Prandtl number (0.9) completes the system of
equations.

Boundary Conditions

The system of equations is parabolic in time and elliptic in
space, and constitutes an initial value and boundary value
problem. The associated initial and boundary conditions (Fig.
1) are prescribed as follows: The initial conditions and up-
stream boundary conditions are prescribed for all the
dependent variables as their unperturbed, freestream values

U,x,y)=U, (3)

The upstream inflow condition is specified as the un-
perturbed freestream and a well-defined boundary layer.

U(trxi’y) = U()’) (4)

The outflow condition is given at a location far downstream
of the trailing edge where the asymptotic free shear layer
behavior prevails. A vanishing gradient is an adequate ap-
proximation to the physical phenomenon.

aU/Ix=0 )

The outer or far-field conditions for the present analysis are
divided into two regions, upstream and downstream of the
expansion corner. The former is satisfied by prescribing
freestream conditions

lim U=U, ©

y—00

The region downstream of the expansion corner is
described by a wave boundary condition

au/at=0 )

The near-field conditions at the solid contour satisfy the no-

slip condition in velocity components with an adiabatic wall
to duplicate the test condition 1?

u(t,x,0)=0 v(,x,0)=0 . (8)

T(t,x,0) =T, (constant)

2N
]
(=]

U = U(y)

¥
i

T=T
w 9T Jp
ap =0 £=0
/ P 0 y dy

BOUNDARY CONDITIONS
Fig. 1 Computational domain boundary conditions,
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The pressure at the solid surface is obtained by assuming
that the pressure gradient vanishes in the immediate region of
the surface:

— =0 ®

On the centerline of the wave region, a symmetry condition
is imposed.

du

5 = v=0

aT ap

e o 0 10
Eddy Viscosity Model

Turbulent closure was completed by adopting a simple
relaxation eddy viscosity model. The basic model has its
origin in mixing length theory and the velocity defect law,
which is the classic description of the wake formulation. In
the boundary layer the two-layer mixing length model of
Cebeci and Smith?® was used. In the wake region the velocity
defect law written for the far-wake limit was used.

Boundary Layer
"Inner region:

e;=pk?y?D? lu | 11

where &, is the von Karman constant (0.4) and D is the Van
Driest damping factor

D=1-exp[-y(lr,/p,1)*/26v,]
Outer region:
€ =k39Umax0i7 (12)

where k;=0.0168(1.280)=0.0216; y=[1+5.5(»/8)¢) !
(intermittency)

Far Wake
Inner region:
€ —¢€p (13)
Outer region:
Eo=k’p(jmax0i'y=€le (14)
where

*® u u
0.—_S (1————)——d r=0.
i 0 U U ly and k’'=0.064

k’ was determined from empirical correlations, 122!

A relaxation model was used to account for the complicated
interaction of scaling in spatial response of the turbulent
structure to a rapidly changing flowfield. This behavior is
substantiated by several research efforts that indicate the
Reynolds shear stress remains nearly frozen at its initial value
and is convected along streamlines in highly accelerated (or
decelerated) flows. 2222 Measurements? also indicate that the
Reynolds stress approaches a new equilibrium state ex-
ponentially. A reasonable explanation of this phenomenon
has been given by Bradshaw.?® In the present analysis, the
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history effects are given by the following simple form

- Ax |
€—€rg =1—exp(—)\ ) for xzxig (15)

€ —€1E d1e

where e, is the calculated eddy viscosity coefficient at the
trailing edge and ¢, is the calculated local equilibrium value in
the wake. The streamline distance between these two stations
is denoted by Ax while 85 is the boundary-layer thickness at
the trailing edge. \ is the relaxation length scale and is given
as: A=50. ’

Computational Grid System

In all calculations a 64x45 computational mesh was
employed. Grid spacing in the x direction was uniformly
distributed throughout the computational domain with the
wake region occupying approximately 75% of the domain.
Since a fine mesh spacing is usually required normal to the
body for resolution in high gradient areas, a variable
distribution of grid points was chosen (see Fig. 2).

For the wedge/flat-plate combination, the most critical
area is in the vicinity of the shoulder where the expansion fan,
shear layer, lip shock, and trailing shock are predominant
features of the flow. To provide adequate resolution for these
features in the flow structure, it was necessary to develop an
exponentially varying distribution of points with high con-
centration of grid points adjacent to the shoulder.

In the area of the wake below the shoulder a second ex-
ponential grid was used that originated at the shoulder and
ended at the wake centerline (see Fig. 2). The finest step was
assigned to the shoulder location and has a dimension of 0.59
mm. The physical dimensions of this computational field were
162.4x21.9 mm.

Numerical Procedure

Initially, the present analysis adopted Shang’s implicit-
explicit numerical scheme?S to perform the calculations. The
advantage this scheme has over MacCormack’s strictly ex-
plicit method2?6 is that the viscous portion of the layer is
solved implicitly, thereby easing the restriction on the
minimum time step requirement in a fine mesh region. In the
outer region where the explicit scheme was used, the relatively
large Ay becomes comparable to the Ax step, resulting in
much larger time steps.

J=JL
k{n-1}
y = ¢ -1 .
p
e -1 -
n-_J-1 R
JL -1 —
Y = h/2(1+Yp) t Y>h/2 S
Y = h/2(l-Yp) : Y<h/2 e
-1' penm——— J=JC
h/2 ———

[T

Fig.2 Wedge/flat-plate computational grid.
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Fig. 3 Shadowgraph of wedge/flat-plate model (Ref. 19).
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Fig.5 Streamline map for wedge/flat-plate model.

The solution scheme was changed to the fully explicit
method for two reasons: 1) the implicit technique develops
instabilities when used in an area having large normal velocity
components, i.e., expansion around the corner; and 2) due to
the grid point distribution for this case, the minimum time
step requirements were not as rigid, allowing the explicit
method to be used without a large increase in computer time.

Calculations were performed on a CDC CYBER 174 digital
computer. The rate of data processing was 0.0023 s per grid
point for each time step. The evolution of dependent variables
was monitored until the consecutive calculations indicated no
significant change (0.1%), then the result was considered to
be the asymptotic solution.

Results

To verify the computational method in the near-wake
region, it was necessary to obtain detailed flowfield data for
this area. Although many investigations exist, there are little

g TURB. NEAR WAKE

Q,

~ o/ M_= 225

o] Re_ = .1500E+08
p. = 2337 atm
h = 1400 mm
1 L 1

LEGEND

NUMERICAL SIMULATION OF NEAR WAKES 1443

1.0 [ ¥

fﬁ.’.:..--’v-"“

0.8 -

o —EXPERIMENT — ROM et al
] }
0o 05 10 15 20 25 30 35 40

x/h

0.0

Fig. 6 Comparison of axial pressure distributions for various
relaxation length scales.
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Fig. 7 Comparison of pitot pressure distributions for various
relaxation length scales.

detailed flowfield data available for turbulent, supersonic
near wakes. One of the most complete studies available was
performed by Rom et al. ! on a two-dimensional, wedge/flat-
plate model. The experimental data available for the com-
parison purpose consist of a shadowgraph of the entire
flowfield (Fig. 3), the base pressure, and several pitot pressure
surveys across the wake region.

In order to simulate the identical conditions of the ex-
perimental observation, the numerical procedure started with
initial conditions on the flat plate section. Freestream
Reynolds number and boundary-layer thickness at the trailing
edge were matched to simulate the flowfield over the body. A
plot of the density field (Fig. 4) and a streamline map (Fig. 5)
were used to identify specific features of the flow. Com-
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parisons made with experimental measurements of axial
pressure distribution along the wake centerline and pitot
pressure surveys of the flowfield are shown in Figs. 6 and 7.

Identifying the relaxation length scale for the turbulence
model presented a problem since there was not enough in-
formation available concerning the evolution of the eddy
viscosity model from the body to the far wake. To determine
the effect of this parameter on the flowfield, three different
values were tested. The frozen model (A= o) freezes the eddy
viscosity at the upstream value. At the other end of the
spectrum is the equilibrium model (A=0). This model
provides an instantaneous response in the eddy viscosity
calculation when the wake is encountered. The last variation
(A= 50) was chosen based upon the results obtained from the
frozen and equilibrium cases and studies performed by Alber
and Lees.!?2 This parametric study not only confirmed the
value of the relaxation length scale determined by other in-
vestigators, but also provided an understanding for the
sensitivity of the flowfield to the eddy viscosity calculation.

Specific features of the flow can be seen from the density
field and a streamline map. Although the different relaxation
length values produced variations in the static and pitot
pressure comparisons, the main features of the flow were not
changed. For this reason, only the A=50 model will be
discussed. Figure 5 is a streamline map of the flowfield. Three
features of the flow to be noted are: 1) the turning of the flow
through the trailing-edge expansion fan, 2) the pocket of
subsonic recirculation near the base, and 3) the recompression
through the trailing shock. Tracking of the shear layer from
the boundary layer to the wake is also visible in the figure.

Figure 4 is a density contour map of the flowfield showing
the leading edge of the expansion fan and the location of the
trailing shock. Two other features of the flow which can be
observed are the formation of a weak lip shock near the
corner and the neck of the trailing shock located ap-
proximately one base height downstream of the trailing edge.
Figure 3 is a shadowgraph of the near wake taken from the
experimental study. A comparison of the density contour map
and this photograph indicates that the main features of the
flowfield have been predicted by the numerical method,
thereby indicating its ability to capture details of the flow
structure in the near-wake region. '

All comparisons made up to this point have been qualitative
with the basic structure of the flow being identified. The
quantitative accuracy of the numerical predictions must now
be addressed. Available experimental data that can be used
for this purpose include static pressure measurements along
the wake centerline, base pressure measurements, and pitot
pressure surveys at various locations in the wake. It now
becomes necessary to discuss differences in the numerical
predictions caused by the various relaxation length scales
tested.

Figure 6 presents comparisons of the axial static pressure
distributions between the experiment and the numerical
method for the frozen, equilibrium, and A=50 relaxation
length scale models. In the far wake, the experimental
pressure ratio reaches 0.975 at approximately two base
heights downstream of the trailing edge, while the numerical
predictions approach this value asymptotically. Both the
frozen and equilibrium predictions fail to capture the pressure
recovery until nearly four base heights downstream of the
trailing edge. In the region less than two base heights from the
trailing edge, the frozen model provides the worst agreement
with the data. It is clear that the equilibrium model provides
better agreement in this area. The A =50 model provides the
best overall agreement except on the base where the prediction
is less than 6% of p, low.

Figure 7 provides pitot pressure comparisons at 12 stations
located between 0.1 and 3.5 base heights downstream of the
trailing edge for each relaxation length scale model. This
figure shows that the frozen model fails to capture the correct
location for the recompression shock wave, while the
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equilibrium model comparisons indicate a failure to predict
the correct position of the trailing shock, especially near the
neck (x/h=1.0). This behavior is attributed to the larger eddy
viscosity produced by the equilibrium model in this region.
Once again the A=50 model provides the best overall
agreement. The remaining difference in the numerical (A = 50)
and the experimental data can be attributed to the fact that the
numerical method used tends to smear shocks and has dif-
ficulty locating weak shocks. In addition, truncation errors
and boundary condition approximations also contribute to
the error.

Conclusions

The numerical method used in this study reproduces the
essential flow features associated with the turbulent,
supersonic wake of a wedge/flat-plate model. The relaxation
phenomenon has been modeled by adopting an exponential
decay of the eddy viscosity with a characteristic length scale.
The relaxation eddy viscosity model of Ref. 18 has been
combined with the Navier-Stokes equations to form a closed
system of equations. Although the model is simple, results
demonstrate that it can adequately predict the inviscid-viscous
interacting turbulent flow in both the boundary layer and the
wake. ’

For the near-wake region of the model, all of the specific
features of the flow have been identified and found to be in
good agreement with the experiment. Quantitative com-
parisons have been made for three relaxation length scales
(A=0, 50, o), with the best agreement found to be for the
A =50 model.
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